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2This is the so-called Banks-Casher relation [10, 11]. It
has long been advocated as a means by which a quark
condensate may be measured in lattice-QCD simulations
[11] and has been used in analysing chiral symmetry
restoration at nonzero temperature [12] and chemical po-
tential [13], and to explore the connection between mag-
netic monopoles and chiral symmetry breaking in U (1)
gauge theory [14]. Much has been learnt [15, 16] by ex-
ploiting the fact that qualitative features of the behaviour
of () for   0 can be understood using chiral random
matrix theory; i.e., from considerations based solely on
QCD's global symmetries.
Our main goal is to explicate a correspondence be-
tween the condensate in Eq. (1) and that in Eq. (8).
In Sec. II we discuss the OPE condensate and its con-
nection with QCD's gap equation, and emphasise that
the residue of the lowest-mass pole-contribution to the
avour-nonsinglet pseudoscalar vacuum polarisation is a
direct measure of the OPE condensate [17]. A natu-
ral ability to express DCSB through the formation of
a nonzero OPE condensate is fundamental to the suc-
cess of DSE models of hadron phenomena [18]. In Sec.
III we carefully dene the trace of the massive dressed-
quark propagator and use that to illustrate a connection
between (0) and the OPE condensate, which we verify
via comparison with a lattice simulation. Section IV is
an epilogue.
II. OPE CONDENSATE
A. Gap and Bethe-Salpeter equations
Dynamical chiral symmetry breaking in QCD is readily


























(q; p) ; (9)
wherein: D





(q; p) is the renormalised dressed-quark-gluon
vertex; m
bm
is the -dependent current-quark bare mass











represents a translationally-invariant regularisation of
the integral, with  the regularisation mass-scale which
is removed to innity as the completion of all calcula-














spectively, depend on the renormalisation point, the reg-
ularisation mass-scale and the gauge parameter.
If the current-quark mass changes with avour, then




































































the renormalisation constant for the scalar part
of the quark self-energy. Since QCD is an asymptotically










()  0 ;   (13)
and in this case the scalar projection of Eq. (9) does not
exhibit an ultraviolet divergence [2, 17].






































where P is the total momentum entering the vertex.





































is the renormalised axial-vector vertex, which is obtained













































= q  P=2, and
K(q; k;P ) is the fully renormalised quark-antiquark scat-
tering kernel; and  
H
5












































malisability ensures that no new renormalisation con-
stants appear in Eqs. (15) and (16).
Flavour-octet pseudoscalar bound states appear as co-
















(k;P ) ; (17)
where  
H
is the bound state's Bethe-Salpeter amplitude
and m
H
, its mass. (Regular terms are overwhelmed at


























] is the sum of





























































) and the expressions






Equation (19) is the pseudovector projection of the
meson's Bethe-Salpeter wave function evaluated at the
origin in conguration space. It is the precise expres-
sion for the leptonic decay constant. The renormalisation
constant, Z
2
(;), ensures that the r.h.s. is independent
of: the regularisation scale, , which may therefore be
removed to innity; the renormalisation point; and the
gauge parameter. Hence it is truly an observable.
Equation (20) is the pseudoscalar analogue. Therein
the renormalisation constant Z
4
(;) entails that the
r.h.s. is independent of the regularisation scale, , and




is precisely that required to guarantee
the r.h.s. of Eq. (18) is independent of the renormalisa-
tion point. (NB. r
()
H
is nite, and Eq. (18) valid, for
arbitrary values of the current-quark masses [19, 20].)





) 6= 0; i.e., DCSB, necessarily entails [17]
that Eqs. (15), (16) exhibit a massless pole solution: the











(k;P ) +  PF
0
(k;P ) (21)
+   k k P G
0




















). (The index \0" indicates

























where the trace is only over Dirac indices. This result
























is the mass-renormalisation constant. It is thus




OPE condensate evolved to a renormalisation point .
It is important to recall that the DSEs reproduce ev-
ery diagram in perturbation theory. Therefore a weak
coupling expansion of Eq. (9) yields the perturbative se-
ries for the dressed-quark propagator. This may be illus-
trated by the result for the scalar piece of the propagator



















+ : : :
!
: (24)
Every term in the series is proportional to the current-
quark mass and hence a nonzero value of the OPE con-
densate is impossible in perturbation theory.
B. Pseudoscalar Vacuum Polarisation
Consider the colour singlet Schwinger function describ-


















which can be estimated, e.g., in lattice simulations. Its
renormalised form can completely be expressed in mo-

























Equation (16) can be rewritten in terms of the fully-
amputated quark-antiquark scattering amplitude: M =
K + K(SS)K + : : :, and in the neighbourhood of the
lowest mass pole










 (k; P ) + R(q; k;P ) ;
(27)
where R is regular in this neighbourhood.
Assuming SU
f
(3) avour symmetry, substituting Eq.


















+ : : : (28)
(the ellipsis denotes terms regular in the pole's neigh-

















that appears in Eq. (18). Hence the correlator in Eq.
(25) provides a direct means of estimating the OPE con-
densate in lattice simulations [21], one whose ultraviolet
behaviour ensures a well-dened and calculable evolu-
tion under the renormalisation group for any value of the
current-quark mass. (NB. f

can similarly be extracted
from the axial-vector correlator analogous to Eq. (25).)
The model of Ref. [22] yields a meson mass trajectory via
Eq. (18) that provides a qualitative and quantitative un-
derstanding of recent quenched lattice simulations [20].
4III. BANKS-CASHER RELATION
A. Continuum analysis
It is readily apparent that Eq. (6) is meaningless as
written: dimensional counting reveals the r.h.s. has mass-
dimension three and since  will at some point be greater
than any relevant internal scale, the integral must diverge
as 
2
, where  is the regularising mass-scale.













evaluated at a xed value of the regularisation scale, .
This Schwinger function can be identied with the l.h.s.
of Eq. (6). Furthermore, assume that ~(m) has a spectral













where m = m
bm







[ ~(i + )   ~(i   ) ] : (33)
The content and meaning of this sequence of equations
is well illustrated by inserting the free quark propagator
in Eq. (31). The integral thus obtained is readily evalu-



















+    ln 4

: (34)










The one-loop contribution to ~() has been evaluated
using the same procedure [23]. It is also proportional
to 
3







In fact, every term obtainable in perturbation theory is
proportional to 
3
, for precisely the same reason that
each term in the perturbative expression for the scalar
part of the quark propagator is proportional to m, see
Eq. (24). Hence, at every order in perturbation theory,
~( = 0) = 0 (36)
and h0jqqj0i = 0. A nonzero value of (0) is plainly an
essentially nonperturbative eect.
A precise analysis requires that attention be paid to
renormalisation. Consider then the gauge-parameter-
independent trace of the renormalised quark propagator
evaluated at a xed value of the regularisation scale:














(p; ) ; (37)
where the argument remains m = m
bm
(), which
is permitted because m
bm
() is proportional to the
renormalisation-point-independent current-quark mass.
The renormalisation constant Z
4
vanishes logarithmi-





(). However, using Eq. (22) it is clear that for
any nite but large value of  and tolerance Æ, it is always




(m; ) + hqqi
0







This is true in QCD. It can be illustrated using the
DSE model of Ref. [2], which preserves the one-loop
renormalisation group properties of QCD. In Fig. 1 we
plot (m; ), evaluated using a hard cuto, , on the
integral in Eq. (37), calculated with the massive dressed-
quark propagators obtained by solving the gap equation
as described in the appendix. Since Eq. (38) species the
domain on which the value of (m; ) is determined by

















mate conrmed in Fig. 1.
The dotted line in Fig. 1 is



































, for the numerical comparison.) The
dierence between Eq. (40) and the curve is of
O(()m()
2
) because the DSE model incorporates
QCD's one-loop behaviour. In Fig. 1 we also plot (m; )
obtained in the absence of connement, in which case [24]
hqqi
0
 0, as is apparent.
The discussion establishes that (m; ) has a regular
chiral limit in QCD and is a monotonically increasing
convex-up function. It follows that (m; ) has a spectral
representation:










This lays the vital plank in a veracious connection be-
tween the condensates in Eqs. (1) and (8). On the do-
main specied by Eq. (39), the behaviour of (m; ) in
Eq. (37) is given by Eq. (40), which yields, via Eq. (33),











+ : : : (42)
where the ellipsis denotes contributions from the higher-
order terms implicit in Eq. (40).















FIG. 1: Circles/solid-line: (m)
1=3
in Eq. (37) as a function
of the current-quark bare-mass, evaluated using the dressed-
quark propagator obtained in the model of Ref. [2]; dashed






dotted line: Eq. (40). Diamonds: (m)
1=3
evaluated in a non-




B. Comparison with a lattice-QCD simulation
In Fig. 2 we plot the spectral density of the staggered
Dirac operator in quenched SU (3) gauge theory calcu-
lated with 3000 congurations obtained on a V = 4
4
-




5:6. Details of the simulation are given in Ref.
[12]. Dimensioned quantities are measured in units of
1=a, where a is the lattice spacing, and it is ()=V that
should be compared with the continuum spectral density.
While the eect of nite lattice volume is apparent in
Fig. 2 for a
>

0:1, the behaviour at small a is qualita-
tively in agreement with Eq. (42) and Fig. 1: a nonzero
OPE condensate dominates the Dirac spectrum in the
conned domain; and it vanishes in the deconned do-
main whereupon (0) = 0 and the perturbative evolu-
tion, Eq. (35), is manifest.
To be more quantitative, we note that at  = 5:4,
(0)a
3






The value of the lattice spacing was not measured in Ref.
[12] but one can nevertheless assess the scale of Eq. (43)
by supposing a  0:3 fm  0:3=
QCD
, a value typical of





This is too large but not unreasonable given the parame-
ters of the simulation, its errors and the systematic uncer-
tainties in our estimate. One can also t the lattice data
at  = 5:8, whereby one nds () / 
3
on  < 0:1 but
with a proportionality constant larger than that antici-
pated from perturbation theory; viz. Eq. (42). Some mis-















FIG. 2: Spectral density of the staggered Dirac operator
in quenched SU(3) gauge theory calculated on a 4
4
-lattice.
(Measured in units of the lattice spacing.) The deconnement




just entered the deconned domain and close to the tran-
sition boundary nonperturbative eects are still material,
as seen, e.g., in the heavy-quark potential and equation
of state [25]. It is a modern challenge to determine those
gauge couplings and lattice parameters for which the data
are quantitatively consistent with Eq. (42).
IV. EPILOGUE
We veried that the gauge-invariant trace of the mas-
sive dressed-quark propagator possesses a spectral repre-
sentation when considered as a function of the current-
quark mass. This is key to establishing that the OPE
condensate, which sets the ultraviolet scale for the
momentum-dependence of the trace of the dressed-quark
propagator, does indeed measure the density of far-
infrared eigenvalues of the gauge-averaged massless Dirac
operator, a la the Banks-Casher relation. This relation
is intuitively appealing because a measurable accumu-
lation of eigenvalues of the massless Dirac operator at
zero-virtuality expresses a mass gap in its spectrum.
In practice, there are three main parameters in a sim-
ulation of lattice-QCD: the lattice volume, characterised
by a length L; the lattice spacing, a; and the current-
quark mass, m. So long as the lattice size is large
compared with the current-quark's Compton wavelength;
viz., L 1=m, then dynamical chiral symmetry breaking
can be expressed in the simulation. Supposing that to be
the case then, as we have explicated, so long as the lat-
tice spacing is small compared with the current-quark's
Compton wavelength; i.e., a 1=m L,




6where the r.h.s. is the scale-dependent OPE condensate
[ =  = 1=a in Eq. (42)].








if ( = 0) is to provide a veracious esti-
mate of the OPE condensate. The residue at the lowest-
mass pole in the avour-nonsinglet pseudoscalar vacuum
polarisation provides a measure of the OPE condensate
that is accurate for larger current-quark masses.
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APPENDIX A: MODEL GAP EQUATION
The gap equation's kernel is built from a product of the
dressed-gluon propagator and dressed-quark-gluon ver-
tex. It can be calculated in perturbation theory but that
is inadequate for the study of intrinsically nonperturba-
tive phenomena. To makemodel-independent statements
about DCSB one must employ an alternative systematic
and chiral symmetry preserving truncation scheme.
The leading order term in one such scheme [26] is
the renormalisation-group-improved rainbow truncation




































) behaviour of G(Q
2
) in
Eq. (A1) is xed by the known behaviour of the quark-
antiquark scattering kernel [2]. The form of that kernel
on the infrared domain is currently unknown and a model
is employed to complete the specication of the kernel.





































































= 0:234GeV. The true parameters in Eq.
(A2) are D and !, however, they are not independent:
in tting, a change in one is compensated by altering
the other, with tted observables changing little along a
trajectory !D = (0:6GeV)
3
. Herein we used
D = (0:884GeV)
2
; ! = 0:3GeV: (A3)
A non-conning model is obtained with D = 0.
Equation (A1), is readily solved for the dressed-quark
propagator, with the renormalisation constants xed via
Eq. (11). That solution provides the elements used in the
illustration of Sec. III.
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